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. $\omega_{1}$ 2 ,
.
Theorem KOT (Kemoto, Oht $\mathrm{a}$ , Tamano [3]) [ZFC]
$A,$ $B\subseteq\omega_{1}$ , .
(a) $A\cross B$ .
(b) $A$ $B$ $\omega_{1}$ { stabonary $A\cap B$ stationary
$tf^{1_{\sqrt}\mathrm{a}}$ .
, ZFC , $\kappa$ , $\kappa$ $\kappa$ stationary set
pairwise disjoint (Ulam).
, Corollary .
COROLLARY 1. [ZFC] $A\cross B$ $A,$ $B\subseteq\omega_{1}$ .
.










COROLLARY 2. [ZF]. $\omega_{1}$ ( $\mathrm{c}\mathrm{f}\omega_{1}=\omega_{\mathit{1}}$ ) ,
$\mathrm{o}\text{ }(D$ club filter $p_{\grave{\grave{1}}}$ ultrafilter $- \mathrm{p}\prime f\vee$ ’
, $A\cross B$ $A_{?}B\subseteq\omega_{1}$ .
, $\omega_{1}$ ) $\omega_{1}$ club filter ultrafilter ,
Theorem KOT (b) $A,$ $B\subseteq\omega_{1}$
.
section 3 , $\omega_{1}$ $E$ , Lemma
Main Lemma [ZF] .
(i) f : $\omegaarrow\alpha$ $\langle f_{\alpha}|\omega\leq\alpha<\omega_{1}\rangle$ .
(ii) $\omega_{1}$ , $A_{7}B\underline{\subseteq}\omega_{1}$ , Theorem KOT
$(\mathrm{a})arrow(\mathrm{b})$ .
(iii) $E\cross E$ .
$t[Z]$( $\mathrm{i}\mathrm{v}\grave{)}\omega_{1}$ $=\omega_{1}$ $Z\subseteq\omega_{1}$ .
Corollary 2 Main Lemma , .
Main Theorem [ZF] (I) (II) .
(I) $A,$ $B\subseteq\omega_{1}$ $A\cross B$ .
(II) (i) $f_{\alpha}$ : $\omega-\alpha$ $\langle f_{\alpha}|\omega\leq\alpha<\omega_{1}\rangle$ ,
(ii) $\omega_{1}(D$ club filter $t\mathrm{h}$ ultrafilter.
, (II) (i) $\omega_{1}$
Proof. (I) . Main Lemma (iii) , Main Lemma (i)
$=\mathrm{M}\mathrm{a}\mathrm{i}\mathrm{n}$ Theorem $(\mathrm{I}\mathrm{I})(\mathrm{i})$ . Main Lemma (ii) $\omega_{1}$
, (I) Corollary 2 , $\omega_{1}$ club filter ultrafilter {y
.
(II) . Main Lemma (i) , Main Lemma
(ii) . Theorem KOT (b) $A,$ $B\subseteq\omega_{1}$
, (I) .
54
, Problem 1 , (II) $(\mathrm{i}),(\mathrm{i}\mathrm{i})$
? .
section 4 , Main Theorem (II) $\omega_{1}$ club fflter
. $\omega_{1}$ club fflter
ultrafilter I , Corollary .
COROLLARY 3. [ZF] $\omega_{1}$ , ,
, ( $E\subseteq\omega_{1}$ ) $E\cross E$ .




. , club set
, .
FACT 4. [ZF] $\kappa$ .
($\mathit{1}\grave{)}f$ : $\kappaarrow\kappa$ , $C(f)=\{\alpha<\kappa : f"\alpha\subseteq\alpha\}$ $rt$ club set .
( $\dot{v}\mathit{2}\grave{)}t_{\acute{\mathrm{t}}}$ c $lub$ set $\mu<\kappa$ $\langle C_{\xi}|\xi<\mu\rangle$ { , $\bigcap_{\xi<\mu}C\xi$
club set .
(
$/\mathit{3}\grave{)}\kappa$ c $lub$ set $\kappa$ $\mathrm{I}$ $\langle C_{\xi}’|\xi<\kappa\rangle$ { , $\triangle\epsilon<\kappa C\xi=$
$\{\sigma_{-}<\kappa : \alpha\in\bigcap_{\xi<0}C_{\xi}\}$ club set .
(2) , $\kappa$ club fflter . ,
(2), (3) , $\langle C\xi|\xi<\mu\rangle$ club set
, club ffiter $<\kappa-$ normality
. ( $\langle X\xi|\xi<\mu\rangle$ club set
, $C\epsilon\underline{\mathrm{C}}X\xi$ club set
$\langle C_{\xi}|\xi<\mu\rangle$ , $\mu$
. )
$f$
. : $S\sim\kappa(S\subseteq\kappa)$ , $\alpha\in S$ $f(\alpha)<\alpha$
regressive . Fodor Pressing Down Lemma (PDL)
.
LEMMA 5. $[\mathrm{Z}\mathrm{F}\mathrm{C}](PDL)$ $\kappa$ stationary $S$
$f$ : $Sarrow\kappa$ regressive , $\gamma<\kappa$ ,
$S_{\gamma}=\{\alpha\in S:f(\alpha)=\gamma\}$ $\kappa$ stationary .
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LEMMA 6. [ZF] $(\ovalbox{\tt\small REJECT} \mathrm{B}^{\psi\mathrm{a}}PDL)\mathrm{j}\mathrm{E}\mathrm{f}\mathrm{l}^{1}1\ni \mathrm{E}$
$f$ : $Sarrow\kappa$ $reg$
$S_{\gamma}=\{\alpha\in S : f(\alpha)=\gamma\}$ $\kappa$
$\omega_{1}$ , Theorem $\mathrm{p}$
, PDL ,
1 $\mathrm{Z}\mathrm{F}$ , Corollary 2 $l$
3 , Corollary 2
.





THEOREM 9. (Solovay) $[\mathrm{Z}\mathrm{F}+\mathrm{A}\mathrm{D}]$
ultrafilter ,
-.^ $\kappa$ stahonary $S$
igressive , $\gamma<\kappa$ ,
$C$ coflnal .
$<_{1}^{1}\mathrm{O}\mathrm{T}$ (b) (a)
$\frac{\mathrm{l}}{.}$. . : Coro
’. .
ffl 2 ,
: . Problem 1





$\mathrm{I}$ , club filter
3 $\oplus_{\xi<\alpha}\xi$ $E(\alpha)$
$\alpha$ , $\rho(\alpha)$ .
$\mathrm{o}\rho(0)=0$ ,
2 $\alpha$ , $\rho(\alpha)=\sup\{\rho(,\mathcal{B}) : \beta<\alpha\}$ ,
$\mathrm{o}\rho(\alpha+1)=\rho(\alpha)+1+\alpha$ .
$\alpha$ $D(\alpha),$ $E(\alpha)\subseteq\rho(\alpha)$ .
. $D(\alpha)=\{\rho(\beta) : \beta<\alpha\}$ ,
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$\mathrm{o}E(\alpha)=\rho(\alpha)\backslash D(\alpha)$ .
0123 4 5 6 7 8 9 10
$\rho(0)$ $\rho(1)$ $\circ$ $\rho(2)$ $e$ $\mathrm{e}$ $\rho(3)$ $0$ $0$ $0$ $\rho(4)$
Fact .
FACT 10.
. $\langle$ $\rho(\alpha)|\alpha\in$ Ord) strictly increasing , ZF transitive
model absolute .
$\bullet$ $\alpha\leq\rho(\alpha)$ . , $\kappa$ $\mathrm{L}$ ( $\mathrm{V}$
) , $\rho(\kappa)=\kappa$ .
$\bullet$ $\alpha$ , $\rho(\alpha)$ $D(\alpha)$ club set
.
$\bullet$ $\kappa$ |J , $E(\kappa)$ $\kappa$ } $^{\mathrm{a}}$ no$n$-stahonary .. $E(\alpha)=\oplus_{\beta<\alpha}E_{\beta}$ , where $E_{\beta}=[\rho(\beta)+1,$ $p(\beta+1))$ .
$i_{\beta}$ : $\betaarrow E_{\beta}$ ; $\xi\mapsto\rho(\beta)+1+\xi$ .
$\mathrm{o}\langle\rho(\beta)|\beta<\alpha\rangle,$ $\langle i\rho|\beta<\alpha\rangle,$ $D(\alpha),$ $E(\alpha)\in \mathrm{L}$ .
$E=E(\omega_{1})$ . Main Lemma (section 1) .
$\mathrm{L}[Z]$ [4] [2]
. , $|$
$Z$ , $\mathrm{L}[Z]$ $\mathrm{M}$
.
$\bullet$
$\mathrm{M}$ ( $\mathrm{Z}\mathrm{F}$ transitive ,
$\mathrm{o}\mathrm{M}$ ,
$x\in \mathrm{M}$ $x\cap Z\in \mathrm{M}$ .
$\mathrm{L}[\emptyset]$
$\mathrm{L}$ . $\mathrm{L}[Z]$ $\mathrm{Z}\mathrm{F}$
, ZFC . $Z$ ,
$Z\in \mathrm{L}[Z]$ . $\mathrm{L}$
, , , ,
, ,
$Z$ , $\mathrm{L}[Z]$ .
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Proof. (Main Lemma )
$(\mathrm{i}\mathrm{v})arrow(\mathrm{i})\mathrm{L}[Z]$ ZFC , (i) $\mathrm{L}[Z]$
. $\mathrm{V}$ (i)
$(\mathrm{i})arrow(\mathrm{i}\mathrm{i})\omega_{1}$ , $\omega_{1}$ cofinal sequence $\langle\alpha_{n}|n<\omega\rangle$
. $\xi<\omega_{1}$ , $\xi<\alpha_{n}$ $n<\omega$ , $\xi=f_{\alpha_{n}}(m)$
$m<\omega$ $\langle n, m\rangle$ $\omega_{1}$ $\omega\cross\omega$ .
$\omega_{1}$ $\omega$ , $\omega_{1}$ .
$\omega_{1}$ .
(ii) , Theorem KOT (b) , $A,$ $B\underline{\mathrm{C}}\omega_{1}$
$X=A\cross B$ normal $C_{0},$ $C_{1}$ disjoint $X$
. $A$ $B$ non-stationary $D\cap A=\emptyset$ $D\cap B=\emptyset$
club set $D\underline{\subseteq}\omega_{1}$ . $A,$ $B$ stationary $D=\omega_{1}$
. $\langle f_{\alpha}|\omega\leq\alpha<\omega_{1}\rangle,$ $A,$ $B,$ $C_{0},$ $C_{1},$ $D\in \mathrm{L}[Z]$ $Z\subseteq\omega_{1}$
. $\omega\leq\alpha<\omega_{1}$ , $\omega$ $\alpha$ f $\mathrm{L}[Z]$ ,
$\alpha<\omega_{1}^{\mathrm{L}[Z]}$ . , $\omega_{1}^{\mathrm{L}[Z]}=\omega_{1}$ . $D$ $\mathrm{L}[Z]$ club set
, $A$ $B$ $\mathrm{V}$ non-stationary $\mathrm{L}[Z]$ . ,
$A\cap B$ $\mathrm{V}$ stationary $\mathrm{L}[Z]$ .
$\mathrm{L}[Z]$ , $A,$ $B$ Theorem KOT (b) . $\mathrm{L}[Z]$
ZFC , Theorem KOT . , $\mathrm{L}[Z]$
$X=A\cross B$ : $\mathrm{L}[Z]$ ( $\mathrm{V}$ ) $C_{0}$ $C_{1}$
$X$ .
$(\mathrm{i}\mathrm{i})arrow(\mathrm{i}\mathrm{i}\mathrm{i})E\subseteq\omega_{1}$ non-stationary , $A=B=E$ Theorem





$\mathrm{o}C_{0}(\alpha)=\{\langle\xi, \xi) : \xi<\alpha\}$ ,
$\mathrm{o}C_{1}(\alpha)=\alpha\cross\{\alpha\}$ .
$C_{0}(\alpha)$ $C_{1}(\alpha)$ $X(\alpha)$ disjoint .
.
Claim 1. [ZFC] $C_{0}(\omega_{1})$ $C_{1}(\omega_{1})$ $X(\omega_{1})$ .
$E=\oplus_{\alpha<\omega_{1}}$ E ’ $i_{\alpha}$ : \mbox{\boldmath $\alpha$}\rightarrow E ,
.
1E $\cross$ E=\oplus ,\beta $<\omega_{1}(E_{\alpha}\mathrm{x}E_{\beta})$ ,
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$\bullet$ $i_{\alpha,\beta}$ : $\alpha\cross\beta-E_{\alpha}\cross E_{\beta}$ ; .




$C_{i}(\alpha),$ $X(\alpha)$ $\mathrm{L}$ , , , $i_{\alpha},’ {}_{\beta}C_{i}$ , $\mathrm{L}$
.
$E\cross E$ . $C_{0}$ $C_{1}$ $E\cross E$ $U_{0},$ $U_{1}$
. $U_{0},$ $U_{1}\in \mathrm{L}[Z]$ $Z\subseteq\omega_{1}$ . $\alpha<\omega_{1}$ ,
$U_{\mathrm{i}}(\alpha)=i_{\alpha,\alpha+1}^{-1}$
“$U_{i}(i/=0,1)$ $X(\alpha)$ $C_{0}(\alpha),$ $C_{1}(\alpha)$ .
$\mathrm{L}[Z]$ ZFC , $U_{i}(\alpha)\in \mathrm{L}[Z]$ , Claim , $\alpha\neq\omega_{1}^{t[Z]}$
$t[Z]-$
$\alpha<\omega_{1}$ . $\omega_{1}^{\mathrm{b}1\rfloor}\overline{z}=\omega_{1}$ .
, Main Lemma (i) . , $\omega_{1}$
(ii) , $E\subseteq\omega_{1}$ $E\cross E$ .
$\mathrm{V}$
$\omega_{1}$ (i) , $\kappa=\omega_{1}^{\mathrm{V}}$ $\mathrm{L}$
. – , $\mathrm{V}$ ZFC , $/\sigma$
, $\kappa$ , $\mathrm{V}1[G]$ $\}$ forcing extension symrnetric submod I
$\mathrm{M}$ , $\mathrm{M}\ulcorner\llcorner \mathfrak{l}‘\kappa$ , , (i)
” .
FACT 11. 2 ,
$\mathrm{Q}\mathrm{Z}\mathrm{F}+$
“
$\omega_{1}$ ” +“ $f_{\alpha}$ : $\omegaarrow\alpha$ $\langle f_{\alpha}|\omega\leq\alpha<\omega_{1}\rangle$
$\ovalbox{\tt\small REJECT}$
$\circ$ ZFC+“ . ”
4
Ulam $\kappa$ $\kappa$ stationary set pairwise
disjoint , Lemma
$\text{ }$ .
LEMMA 12. [ZF] Main Theorem (II) . $\omega_{1}$
. , $\omega_{1}$ $\langle X_{n}|n<\omega\rangle$ , $X_{n}$ club set ,
$\bigcap_{n<w}X_{n}=\emptyset$ . ( ,
)
59
Prvof. (II) (i) Main Lemma (ii) $\omega_{1}$ .
$\langle$ f $|\omega\leq\alpha<\omega_{1}\rangle$ : $\omegaarrow\alpha$ . $n<\omega$
$\xi<\omega_{1}$ , $X(n, \xi)=\{\alpha\in(\xi,\omega_{1}) : f_{\alpha}(n)=\xi\}$ . $\zeta<\xi<\omega_{1}$
, $X(n, \zeta)\cap X(n, \xi)=\emptyset$ , $X(n, \xi)$ club set $\xi<\omega_{1}$
$n$ 1 . $\xi$ $\xi_{n}\text{ }\llcorner$ , $\xi_{n}$
$\backslash \overline{\xi}<\omega_{1}$ . $\overline{\xi}>\omega$ $\triangleright\backslash$ . $\omega_{1}$ club filter ultrafilter
, $X(0)=(\overline{\xi},\omega_{1}),$ $X(n+1)=\omega_{1}\backslash X(n,\overline{\xi})$ ,
$n<\omega$ , $X(n)$ club set . $\alpha\in X(0)$ ,
$f_{\alpha}$ : $\omega\sim\alpha$ , $f_{\alpha}(n)=\overline{\xi}$ $n<\omega$ , $\alpha\in X(n,\overline{\xi})$






FACT 13. [ZFC] $\mu,$ $\nu$ $X\underline{\subseteq}\mu\cross\nu$ .
(1) $\mu\leq\omega$ $X$ .
(2) $\mu,$ $\nu<\omega_{1}$ $X$ .
(3) $(\omega+1)\cross\omega_{1}$ ,
$Z$ , ZFC
$\mathrm{L}[Z]$ , Fact $\mathrm{Z}\mathrm{F}$
.
PROPOSITION 14. Fact 13 $\mathrm{Z}\mathrm{F}$ .
Proof. (1), (2) $C_{0}$ $C_{1}’$ $X$ disjoint . $Z$ ,
$X,$ $C_{0},$ $C_{1}\in \mathrm{L}[Z]$ . , (2) , $\mathrm{L}[Z]$ (2)
. ( $\omega$ $\mu,$ $\nu$ 1 $\mathrm{L}[Z]$
). $\mathrm{L}[Z]$ ZFC , Fact 13 $\mathrm{L}[Z]$
$X$ . $C_{0},$ $C_{1}\in \mathrm{L}[Z]$ ,
.
(3) Lim . $\alpha$ , $X(\alpha)=$
$(\omega \mathrm{p} 1)$ $\cross\alpha\backslash \{\omega\}\cross \mathrm{L}\mathrm{i}\mathrm{m}$ , $C_{0}(\alpha)=\{\omega\}\cross(\mathrm{a} \backslash \mathrm{L}\mathrm{i}\mathrm{m})$ , $C_{1}(\alpha)=\omega\cross(\alpha\cap \mathrm{L}\mathrm{i}\mathrm{m})$
. $Co(\alpha)$ $C_{1}(\alpha)$ , $X(\alpha)\subseteq(.\omega+1)\cross\alpha$ disjoint ,
ZFC , $C_{0}(\omega_{1})$ $C_{1}(\omega_{1})$ $X(\omega_{1})$
PDL . $\mathrm{Z}\mathrm{F}$
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$C_{0}(\omega_{1})$ $C_{1}(\omega_{1})$ $X(\omega_{1})$ $U\mathit{0}$ $U_{1}$ ,
$\text{ }$ . $U_{0},$ $U_{1}\in \mathrm{L}[Z]$ $Z\subseteq\omega_{1}$ . \kappa =\mbox{\boldmath $\omega$}1L[ , $\mathrm{L}[Z]$
ZFC , $C_{0}(\kappa)$ $C_{1}(\kappa)$ $\mathrm{L}[Z]$ $X(\kappa)$
. $\kappa\leq\omega_{1}$ , $X(\kappa)=X(\omega_{1})\cap(\omega+1)\mathrm{x}\kappa,$ $C_{i}(\kappa)=C_{i}(\omega_{1})\cap X(\kappa)(i=0,1)$




(1) $\mu<\omega_{1}$ , $<\omega_{1}$ , $\mu\cross\nu$ .
(2) $\omega_{1}\cross\omega_{1}$ .
(S) $\omega_{1}\cross(\omega_{1}+1)$ { .
, [3] Fact .
FACT 16. [ZFC] $\mu_{j}\nu$ , .
(a) $\mu\cross\nu$ $\triangleright\backslash$ .
(b) $\omega<\mathrm{c}\mathrm{f}\mu<\nu$ , , $\omega<\mathrm{c}\mathrm{f}\iota/<\mu$ .
$\mathrm{Z}\mathrm{F}$ .
PROPOSITION 17. Fact 16 $\mathrm{Z}\mathrm{F}$ .
Proof. $(\mathrm{a})arrow(\mathrm{b})C_{0},$ $C_{1}\subseteq\mu\cross\nu$ $\mu\cross\nu$ disjoint
. $C_{0},$ $C_{1}$ , $\mathrm{c}\mathrm{f}\mu$ $\mu’\backslash$ cofinal sequence, $\mathrm{c}\mathrm{f}\nu$
$l/$ cofinl sequenoe $\mathrm{L}[Z]$ $Z$ ,
$C_{0},$ $C_{1}$ $\mathrm{L}[Z]$ $\mu\cross\nu$ ,
$\mathrm{L}[Z]$ $\mu\cross\nu$ . $\mathrm{L}[Z]$ ZFC , Fact 16
, $\omega<\mathrm{c}\mathrm{f}^{L[Z]}\mu<\nu$ , , $\omega<\mathrm{c}\mathrm{f}^{\mathrm{L}[Z]}\nu<\mu.$ $\mathrm{c}\mathrm{f}^{\mathrm{L}[Z]}\mu=\mathrm{c}\mathrm{f}\mu$
$\mathrm{c}\mathrm{f}^{\mathrm{L}[Z]}\nu=\mathrm{c}\mathrm{f}\nu$ , (b) .
$(\mathrm{b})arrow(\mathrm{a})$ #| $\kappa,$ $\mu$ , $\kappa$ $\mu \text{ }$ strictly increasing cofinal
$f$ .’ $C_{0}(f)=\{\langle f(\xi), \xi\rangle : \xi<\kappa\},$ $C_{1}(f)=\mu\cross\{\kappa\}$
$\langle$ ZFC , $\kappa$ , , $\nu>\kappa$ , $C_{0}(f)$ $C_{1}(f)$
$\mu\cross\nu$ PDL .
$\omega<\mathrm{c}\mathrm{f}\mu<\nu$ , $\kappa=\mathrm{c}\mathrm{f}\mu$ , $\kappa$ $\mathrm{c}\mathrm{f}\mu$ strictly increasing
cofinal $f$ . $C_{0}(,f)$ $C_{1}(f)$ $\mu\cross\nu$ disjoint
. $\mu\cross\nu$ , $C_{0}(f)$ $C_{1}(f)$ $\mu\cross\nu$
$U_{0},$ $U_{1}$ , . $U_{0},$ $U_{1},$ $f\in \mathrm{L}[Z]$
$Z$ . $\mathrm{L}[Z]$ ZFC , $\kappa$




PROPOSITION 18. [ZF] , $\theta$
$f$
$\theta=\infty$ . $\infty$ .
$\mu,$ $\nu$ , .
(1} $\mu<\theta$ $\nu<\theta$ , $\mu\cross\nu$ .
(2) $\theta<\infty$ , $\theta\cross\theta$ .
(3) $\theta<\infty$ , $\theta\cross(\theta+1)$ .
COROLLARY 19. [ZF] 2 ,
$(.i)$ ,
(ii) $\mu,$ $u$ $\mu\cross\nu$ .
(i) , large cardinal
.
THEOREM 20. (Gitik [1]) ZFC+“ proper$\cdot$ class
” , ZF+‘\mp ’’
,
$A,$ $B$ , [3] ,
Fact .
FACT 21. [ZFC]
(1) $A\grave{.}B$ , $\sup A<\omega_{1}$ $\sup B<\omega_{1}$ ,
$A\cross B$ .
(2) $\omega_{1}$ $A,$ $B$ , $A\cross B$ .
Main Theorem , $\mathrm{Z}\mathrm{F}$ .
PROPOSITION 22. [ZF]
(1) $A,B$ , $\mathrm{s}1\iota \mathrm{p}A<\omega_{1}$ $\mathrm{s}\iota 1\mathrm{p}B<\omega_{1}$ ,
$A\cross B$ .
(2) Main Theorem $(fI)$ , $\omega_{1}$ $A,$ $B$ ,
$A\cross B$ .
(3)Main Theorem (U) , $\omega_{1}$ 2
, $\omega_{1}\cross(\omega_{1}+1)$ .
62
$Pr^{\backslash }oof$. $(1) \mu=\sup A<\omega_{1}$ . $A\mathrm{x}B$ disjoint $C0,$ $C_{1}$
, $A,$ $B,$ $C_{0},$ $C_{1}$ , $\omega$ $\mu$ 1 $\mathrm{L}[Z]$
, $Z$ . ZFC $\mathrm{L}[Z]$ , $\mu=\sup A<\omega_{1}$
, Fact 21 $A\cross B$ $\mathrm{L}[Z]$ , , $C_{0}$ $C_{1}$ $A\cross B$
.
(2) Main Theorem .
(3) Main Theorem . , $(_{\backslash }\mathrm{I}\mathrm{I})(.\mathrm{i})$ $\omega_{1}$
, Proposition 18 (3) , $\omega_{1}\cross(\omega_{1}+1)$ .
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